
Periodicity of Degenerate Strings

Degenerate Strings

A degenerate string permits a choice 
of several different characters at each 
position, as to encode several classical 

strings. For example ෝ𝑤 = 𝑎
𝑏

𝑎
𝑐
𝑏 is a 

degenerate string; its language is 
ℒ(ෝ𝑤) = {𝑎𝑎𝑏, 𝑎𝑐𝑏, 𝑏𝑎𝑏, 𝑏𝑐𝑏}.

Two degenerate strings of the same 
length match if at every position there 
is a non-empty intersection. For 

example, 𝑎
𝑏

𝑎
𝑐
𝑏 matches 𝑎

𝑐
𝑐 𝑏

𝑐
 as 

both have 𝑎𝑐𝑏 in their language.
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Types of periods
Periodicity is a way of modeling 
repetitions in strings. A degenerate 
string ෝ𝑤 of length 𝑛 has
• weak period 𝑝 when ෝ𝑤’s prefix 

and suffix of length 𝑛 − 𝑝 match;
• medium period 𝑝 when all 

multiples of 𝑝 are a weak period;
• strong period 𝑝 when a string 

𝑤 ∈ ℒ(ෝ𝑤) has period 𝑝.
For a degenerate string ෝ𝑤, the sets of 
weak, medium and strong periods are 
denoted by 𝑃𝑤(ෝ𝑤), 𝑃𝑚(ෝ𝑤) and 𝑃𝑠(ෝ𝑤) 
respectively.

Autocorrelations
An autocorrelation is a 0-indexed 
vector representing the periods of a 
degenerate string. Its 𝑝-th element is 3 
if 𝑝 ∈ 𝑃𝑠, 2 if 𝑝 ∈ 𝑃𝑚 ∖ 𝑃𝑠, 1 if 𝑝 ∈ 𝑃𝑤 ∖
𝑃𝑚 and 0 if 𝑝 ∉ 𝑃𝑤.

Characterizing period sets
𝑃𝑤, 𝑃𝑚 and 𝑃𝑠 are the period sets of 
some length-𝑛 degenerate string iff.:
i. 0 ⊆ 𝑃𝑠 ⊆ 𝑃𝑚 ⊆ 𝑃𝑤;

ii. 𝑝 ≥
𝑛

2
∧ 𝑝 ∈ 𝑃𝑤 ⟹ 𝑝 ∈ 𝑃𝑠;

iii. 𝑝 ∈ 𝑃𝑚  iff. for all 𝑘 ∈ ℕ with 
𝑘𝑝 ∈ 0, … , 𝑛 − 1 , 𝑘𝑝 ∈ 𝑃𝑤;

iv. 𝑝 ∈ 𝑃𝑠  iff. for all 𝑘 ∈ ℕ with 
𝑘𝑝 ∈ 0, … , 𝑛 − 1 , 𝑘𝑝 ∈ 𝑃𝑠.

These conditions are sufficient for 
alphabets of size 3 and greater.

Counting period sets
Let Ω𝑛

𝑤, Ω𝑛
𝑚 and Ω𝑛

𝑠  be the families of 
period sets of length-n degenerate 
strings. We show Ω𝑛

𝑤 = 2𝑛−1 and 
based on prior work Ω𝑛

𝑚 = Ω𝑛
𝑠 =

𝛼(𝑛−1)(1+𝑂(exp((−1+𝜖) log 𝑛 log log 𝑛))) 
with 1.5729 < 𝛼 < 1.5745.

Example

Let ෝ𝑤 = 𝑎
𝑏

𝑏
𝑐

𝑏
𝑐
𝑐 𝑎

𝑐
. Its periods 

are 𝑃𝑤 ෝ𝑤 = 0,1,2,4 , 𝑃𝑚 ෝ𝑤 =
{0,2,4} and 𝑃𝑠 ෝ𝑤 = 0,4 . The 
autocorrelation of ෝ𝑤 is 31203.

Other contributions
• We characterize the structure 

of autocorrelations.
• We show the sets of auto-

correlations form lattices.
• We give formulae for the 

number of degenerate strings 
with a given autocorrelation, 
by counting independent sets 
in graphs.
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